We describe a method for estimation of the discovery potential on new physics in planned experiments. The effective significance of signal for given probability of observation is proposed for planned experiments instead of the usual significances
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Introduction
One of the common goals in the forthcoming experiments is the search for new phenomena. In the forthcoming high energy physics experiments (LHC, TEV22, NLC, ...) the main goal is the search for physics beyond the Standard Model (supersymmetry, Z ′ -, W ′ -bosons, ...) and the Higgs boson discovery as a final confirmation of the Standard Model. In estimation of the discovery potential of the planned experiments (to be specific in this paper we shall use as an example CMS experiment at LHC [1] ) the background cross section (the Standard Model cross section) is calculated and for the given integrated luminosity L the average number of background events is n b = σ b ·L. Suppose the existence of a new physics leads to additional nonzero signal cross section σ s with the same signature as for the background cross section that results in the prediction of the additional average number of signal events 1 n s = σ s · L for the integrated luminosity L.
The total average number of the events is < n >= n s + n b = (σ s + σ b ) · L. So, as a result of new physics existence, we expect an excess of the average number of events. In real experiments the probability of the realization of n events is described by Poisson distribution [2, 3] f (n; λ) = λ n n! e −λ .
Here λ =< n > is the average number of events. Remember that the Poisson distribution f (n; λ) gives [2] the probability of finding exactly n events in the given interval of (e.g. space and time) when the events occur independently of one another at an average rate of λ per the given interval. For the Poisson distribution the variance σ 2 equals to λ. So, to estimate the probability of the new physics discovery we have to compare the Poisson statistics with λ = n b and λ = n b + n s . Usually, high energy physicists use the following "significances" for testing the possibility to discover new physics in an experiment: (a) "significance" S 1 = n s √ n b [1, 4] , (b) "significance" S 2 = n s √ n s + n b [5] , (c) "significance" 2 · S 12 = 2( √ n s + n b − √ n b ) [6, 7] .
A conventional claim is that for S 1 (S 2 ) ≥ 5 we shall discover new physics (here, of course, the systematic uncertainties are ignored). For n b ≫ n s the significances S 1 and S 2 coincide (the search for Higgs boson through the h → γγ signature). For the case when n s ∼ n b , S 1 and S 2 differ. Therefore, a natural question arises: what is the correct definition for the significance S 1 , S 2 or anything else ? It should be noted that there is a crucial difference between the planned experiment and the real experiment. In the real experiment the total number of events n obs is a given number (already has been measured) and we compare it with n b when we test the validity of the standard physics. So, the number of possible signal events is determined as n s = n obs − n b and it is compared with the average number of background events n b . The fluctuation of the background is σ f b = √ n b , therefore, we come to the S 1 significance as the measure of the distinction from the standard physics. In the conditions of the planned experiment when we want to search for new physics, we know only the average number of the background events and the average number of the signal events, so we have to compare the Poisson distributions f (n; n b ) and f (n; n s + n b ) to determine the probability to find new physics in planned experiment.
In this paper we describe a method for estimation of the discovery potential and exclusion limits on new physics in planned experiments. The effective significance of signal for given probability of observation is proposed for planned experiments instead of the usual significances
, where n s and n b are the average numbers of signal and background events. We also estimate the influence of systematic uncertainties related to nonexact knowledge of signal and background cross sections on the probability to discover new physics in planned experiments. An account of such systematics is very essential in the search for supersymmetry at LHC.
3
The organization of the paper is the following. In the next Section mainly due to completeness we discuss the case of real experiment. In Section 3 we describe a method for the estimation of new physics discovery potential in planned experiment. Section 4 deals with estimation of exclusion limit. In Section 5 we estimate the influence of the systematics related to nonexact knowledge of the signal and background cross sections on the probability to discover new physics and set up exclusion limits on new physics in planned experiments. Section 6 contains concluding remarks.
New physics discovery in real experiment
In this section well known situation with real experiment is reminded to pedagogical reasons. Consider the case when the average number λ of the events in the Poisson distribution (1) is big λ ≫ 1. In this case the Poisson distribution (1) approaches the Gaussian distribution
with
, µ = σ 2 , µ = λ and n ≥ 0. Note that for the Poisson distribution the mean equals to the variance. According to common definition [3] new physics discovery corresponds to the case when the probability that background can imitate signal is less than 5σ (here of course we neglect any possible systematic uncertainties). Suppose we have observed some excess of events n obs > n b . The probability that for the background n b we shall observe events with n ≥ n obs is determined by standard formula
where
According to common definition for S 1 ≥ 5 the Standard Model is excluded (the probability that background can imitate signal is less than 2.85 · 10 −7 ) and we have new physics discovery 2 .
Suppose some model with new physics predicts λ = n s + n b and
then for k 1 = 1.64 (k 1 = 1.96) the model with "new physics" agrees with experimental data at 90% C.L. ( 95% C.L.). Here σ 2 s+b = n s + n b . For S 1 ≥ 2 (S 1 ≥ 3 ) in formula (3) the probability that background can imitate signal is less than 2.28% ( 0.14%) and according to our definition we have weak (strong) evidence in favor of new physics.
Suppose that the measured number of events is such that
It means that the Standard Model agrees at 95 % C.L. with experimental measurement. In this case we can also obtain exclusion limit on new physics (limit on the average number of signal events n s ) . Namely, for λ = n s + n b we require that
From the equation (7) we obtain 95% C.L. upper bound on the average number n s of signal events. Consider now the case of the Poisson distribution (1). Suppose we have measured the number of events n obs > n b (an excess of events). We define the statistical significance s of a signal [8] in the Standard Model by
The formula (8) is nothing but the probability to observe n ≥ n obs of background events in an identical independent experiments. Note that s is a function on n obs and n b , s = s(n obs , n b ). If s ≥ 5 then by common definition we have new physics discovery. For s ≥ 2 (s ≥ 3) according to our definition we have weak(strong) evidence in favor of new physics. If the model with additional n s signal events obeys the inequality
then the model with new physics agrees at 95% C.L. with an experiment.
Suppose that we have observed the number of events compatible at 95% C.L. with the Standard Model, i.e.
In this case one can obtain at 95% C.L. exclusion limit on the average number of signal events n s from the inequality
3 Planned experiments.
As it has been mentioned in the introduction the crucial difference between planned experiment and real experiment is that in real experiment we know the number of observed events, therefore we can compare the Standard Model with experimental data directly, whereas in the case of planned experiment we know only the average number of background events n b and the average number of signal events (for the case when we have new physics in addition to the Standard Model). Therefore in the case of planned experiment an additional "input" parameter is the probability of the discovery. Suppose we test two models: the Standard Model with the average number of events λ = n b and the model with new physics and the average number of events λ = n s + n b .
To discover new physics we have to require that the probability β(∆) of the background fluctuations for n > n 0 (∆) is less than ∆, namely
The probability 1 − α(∆) that the number of events in a model with new physics will be bigger than n 0 (∆) is equal to
It should be stressed that if ∆ is a given number then α(∆) is a function of ∆ or vice versa we can fix the value of α in formula (13) then ∆ is a function of α. The meaning of the probability of the discovery 1 − α is the probability that in the case of new physics an experiment will measure the number of events bigger than n 0 such that the probability that the Standard Model can reproduce such number of events is rather small (β).
In other words we choose the critical value n 0 for hypotheses testing 3 about observability of new physics requiring that Type II error β ≤ ∆. Then we calculate the Type I error α and the probability of discovery (or evidence) 1 − α. For fixed value of α and known values of n s , n b we can calculate β using formulae (12, 13) . In our numerical calculations we take α = 0.5; 0.25; 0.1; 0.05. Consider now the limiting case n b ≫ 1 when Poisson distribution approaches Gaussian distribution. The equations (12,13) take the form
Consider at first the most simple case when α = 0.5 (see Figs.1-2 for an illustration). For α = 0.5 parameter n 0 in formula (15) is equal to n 0 = n s + n b . The equation (14) takes the form
The significance S 1 is determined by the formula (17) and it is often used in experiment proposals [1, 4] . For 1 − α > 0.5 (see Fig.3 for an illustration) the parameter n 0 in formula (14) is equal to
where k(α): k(0.5) = 0; k(0.25) = 0.66; k(0.1) = 1.28; k(0.05) = 1.64 (as an example, Tab.28.1 [3] ). The effective significance s in the equation (8) Figure 2: The case n b ≫ 1. Dependences n s versus n b for S 1 = 5, S 1 = 3 and S 1 = 2 coincide with 5σ discovery, 3σ strong evidence, and 2σ weak evidence curves, correspondingly. The probability of discovery 1 − α = 0.5. 8
corrected significance S 1 , corresponding the discovery probability 1 − α) has the form
So, we see that the asymptotic formula (17) for the significance s is valid only for 1 − α = 0.5.
As it has been shown in refs. [9, 10] the more proper of the significance in planned experiments is 2 · S 12 . The generalization of this significance to the case of 1 − α > 0.5 looks very attractive for approximate estimation of discovery potential
The comparison of formulae (19,20) is shown in Fig.4 . It should be stressed that very often in the conditions of planned experiment the average numbers of background and real events are not very big and we have to solve the equations (12, 13) directly to construct 5σ discovery, 3σ strong evidence and 2σ weak evidence curves. Our numerical results are presented in Figs. (5 -10) .
As an example consider the search for standard Higgs boson with a mass m h = 110 GeV using the h → γγ decay mode at the CMS detector. and Table of the standard normal probability density function [2] we find that 1 − α(∆ dis ) = 0.93(0.60). It means that for total luminosity L = 3 · 10 4 pb −1 (2 · 10 4 pb −1 ) the CMS experiment will discover at ≥ 5σ level standard Higgs boson with a mass m h = 110 GeV with a probability 93(60) percents 4 .
For the case when we are interested in estimation of the lower bound on number n s of signal events (bound on new physics) we can use the equations 
4 Exclusion limits.
It is important to know the range in which the planned experiment can exclude the presence of signal at the given confidence level (1 − ǫ). It means that we will have uncertainty in future hypotheses testing about non observation of signal equals to or less than ǫ. In refs. [11, 12] different methods to derive exclusion limits in prospective studies have been suggested. As is seen from Fig.11 the essential differences in values of the exclusion limits take place. Let us compare these methods by the use of the equal probability test [9] . In order to estimate the various approaches of the exclusion limit determination we suppose that new physics exists, i.e. the value n s equals to one of the exclusion limits from Fig.11 and the value n b equals to the corresponding value of expected background. Then we apply the equal probability test (f (n 0 ; n s +n b ) = f (n 0 ; n b )) to find critical value n 0 for hypotheses testing in planned measurements (Fig.12 ). Here a zero hypothesis H 0 is the statement that new physics exists and an alternative hypothesis H 1 is the statement that new physics is absent. After the calculation of the Type I error α (the probability that the number of the observed events will be equal or less than the critical value n 0 ) and the Type II error β (the probability that the number of the observed events will bigger than the critical value n 0 in the case of the absence of new physics) we can compare the methods. For this purpose the relative uncertainty [9] 
which will take place under hypotheses testing H 0 versus H 1 is calculated. This relative uncertaintyκ in case of applying the equal-probability test is a minimal relative value of the number of wrong decisions in the future hypotheses testing for Poisson distributions. It is the uncertainty in the observability of the new phenomenon. Note the 1 −κ (the relative number of correct decisions) is a distance between two distributions (the measure of distinguishability of two Poisson processes) in frequentist sense.
In Table 1 the result of the comparison is shown. As is seen from this Table the "Typical experiment" approach [12] gives too small values of the Figure 11: Estimations of the 90% CL exclusion limit on the signal in a future experiment as a function of the expected background. The method proposed in ref. [12] gives the values of exclusion limit close to "Typical experiment" approach. Figure 12 : Equal probability test for the case n b = 11 and n s = 10.61 gives the critical value n 0 = 16 and, correspondingly, the relative uncertaintỹ κ = 0.1. It means if we observed n obs ≤ n 0 events in planned experiment we exclude the signal with average n s = 10.61 and above at 90%CL. 18 exclusion limit. The difference in the 90% CL definition is the main reason of the difference between our results and the results from ref. [11] . We require thatκ equals to ǫ, i.e. we use only one parameter (ǫ) as measure of uncertainty in the hypotheses testing. In ref [11] the criterion β < ∆ and α 1 − β < ǫ for determination of the exclusion limits has been applied. It means the experiment will observe with probability at least 1 − ∆ at most a number of events such that the limit obtained at the 1 − ǫ confidence level excludes the corresponding signal. In this case two parameters (ǫ, ∆) are required to construct exclusion limits. Nevertheless, we have got results close to [11] 5 .
5 An account of systematic uncertainties related to nonexact knowledge of background and signal cross sections
In the previous sections we took into account only statistical fluctuation in the number of signal and background events and did not take into account other uncertainties. There is considered the systematic uncertainties 6 due to imperfect knowledge of the background and signal cross sections.
In this section we investigate the influence of the systematic uncertainties related to nonexact knowledge of the background and signal cross sections on the discovery potential in planned experiments. Denote the Born background and signal cross sections as σ , σ b (1 + δ b ) ) and (σ s , σ s (1 + δ s ) ), where σ b and σ s are calculated at Born or one loop level of the accuracy. The average number of background and signal events lie in the intervals (n b , n b (1 + δ b ) ), (n s , n s (1 + δ s ) ), where
To determine the new physics discovery potential we again have to compare two Poisson distributions with and without new physics. Contrary to the Section 3 we have to compare the Poisson distributions in which the average numbers lie in some intervals. It means that we have to find the critical value n 0 and to estimate the influence of systematic uncertainty on the discovery probability. A priori the only thing we know is that the average number of background and signal events lie in some intervals but we do not know the exact values of the average background and signal events. Moreover we can not say anything about probability distributions of possible values n b and n s in this interval. Such distribution is absent.
An account of uncertainties related to nonexact knowledge of background and signal cross sections is straightforward and it is based on the results of Section 3. Suppose uncertainty in the calculation of exact background cross section is determined by parameter δ, i.e. the exact cross section lies in the interval (σ b , σ b (1 + δ)) and the exact value of average number of background events lies in the interval (n b , n b (1 + δ)). Let us suppose n b ≫ n s . In this instance the discovery potential most sensitive to the systematic uncertainties. Because we know nothing about possible values of average number of background events, we consider the worst case. Taking into account formulae (12) and (13) we have the formulae
This approach allows estimate the scale of influence of background uncertainty to observability of signal. As an application of formulae (23,24) consider the case n b = n s = 100 (typical case for the search for supersymmetry at LHC). For such values of n s and n b and for δ= 0., 0.1, 0.25, 0.5 we find that 1 − α(∆ dis ) = 0.9996, 0.9924, 0.8476, 0.137, correspondingly. So, we see that the uncertainty in the calculations of background cross section is extremely essential for the determination of the LHC discovery potential. Some other examples are presented in Tables 2-7 and in Figs.13-14.
Conclusions
In this paper we have described a method to estimate the discovery potential and exclusion limits on new physics in planned experiments where only the average number of background n b and signal events n s is known. We have found that in this case the more proper definition of the significance (for α = 0.5) is 2 · S 12 = 2( √ n s + n b − n b ) in comparison with often used expressions for the significances
. For 1 − α > 0.5 we have additional additive contribution to the significance (see approximate formulae 19-20 of estimation of discovery potential for given discovery probability). As a result, the effective significance s of signal for given probability of observation is proposed. The results of direct calculations of dependences n s versus n b for different discovery probabilities and significances are presented. We estimate the influence of systematic uncertainty related to nonexact knowledge of signal and background cross sections on the probability to discover new physics in planned experiments. An account of such kind of systematics is very essential in the search for supersymmetry and leads to an essential decrease in the probability to discover new physics in future experiments. 
